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Abstract 

We determine the centralizers of certain isomorphic copies of spin subalgebras spin(r) in 
so{drm), where dr is the dimension of a real irreducible representation of Clr, the even Clif¬ 
ford algebra determined by the positive definite inner product on R’’, where r, m £ N. 


1 Introduction 

In this paper, we determine the centralizer subalgebras of (the isomorphic images under certain 
monomorphisms of) subalgebras spin(r) in so^drm), where dr is the dimension of the irreducible 
representations of Cl^, the even Clifford algebra determined by R’’ endowed with the standard positive 
definite inner product, and r,m £ N. The need to determine such centralizers has arisen in various 
geometrical settings such as the following: 

• The holonomy algebra of Riemannian manifolds endowed with a parallel even Clifford structure 

0 - 

• The automorphism group of manifolds with (almost) even Clifford (hermitian) structures [I]. 
The centralizers determined in this paper help generalize the results on automorphisms groups of 
Riemannian manifolds [iniin], almost hermitian manifolds [5] , and almost quaternion-hermitian 
manifolds [7]. 

• The structure group of Riemannian manifolds admitting twisted spin structures carrying pure 
spinors [4]. More precisely, if M is a smooth oriented Riemannian manifold, F is an auxiliary 
Riemannian vector bundle of rank r, S{TM) and S{F) are the locally defined spinor vector 
bundles of M and F respectively, (/i, • • • , fr) is a local orthonormal frame of F, and m € N is such 
that the bundle S{TM)®S{F)®'^ is globally defined, a pure spinor field 4> G r(5'(TM)®S'(i^)®"*) 
is a spinor such that its local 2-forms pfiiX, Y) = {X AY ■ K^^,{fkfi) ■ 4"^ 4) induce at each point 
X £ M a, representation of CZ® on T^M without trivial summands. The centralizers determined 
in this paper are the orthogonal complements of spin(r) in the annihilator algebra of such a 
spinor. Should the spinor be parallel, such annihilator will contain the holonomy algebra of the 
manifold and thus be related to the special holonomies of the Berger-Simons holonomy list [Hi. 

The paper is organized as follows. In Section[2]we recall some background material and prove three 
results which will be required later in the main theorems. More precisely, in Subection l2.ll we recall 
standard material about Clifford algebras, Spin groups, Spin algebras, and their representations. In 
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Subsection l2.2l we find explicit descriptions of the real spin(r) representations A^, decompositions into 
irreducible summands of ® A^, and calculate various basic centralizers. In Section [3l we prove the 
main results of the paper, Theorems l3.1l and l3.2l Namely, in Subsection 13.11 we find the centralizers of 
spin(r) in so{drm) for r ^ 0 (mod 4) (cf. Theorem l3.1l) and, in Subsection l3.21 we find the centralizers 
of spin(r) in so{drmi + drm 2 ) for r = 0 (mod 4) (cf. Theorem 13.21) . The proofs involve Riemannian 
homogeneous spaces, representation theory and Clifford algebras. The separation into two cases is 
due to the existence of exactly one and two irreducible representations of Cl^ for r ^ 0 (mod 4) and 
r = 0 (mod 4) respectively. 

Acknowledgements. The second named author would like to thank the International Centre for 
Theoretical Physics and the Institut des Hautes Etudes Scientifiques for their hospitality and support. 


2 Preliminaries 

2.1 Clifford algebra, spin groups and representations 

In this section we recall material that can also be consulted in Let Cln denote the Clifford 

algebra generated by all the products of the orthonormal vectors ei, 62 ,..., e„ G R" subject to the 
relations 


CjCk + ekCj = -25jk: for 1 < j, fc < n. 


We will often write 


ei...s 6162 • • • 65. 


Let 

Cln = Cln ®R C, 

the complexification of Cln- It is well known that 


Cln 


End(C 2 '“), iin = 2k 

End(C2'') 0End(C2‘'), if n = 2A: + I ’ 


where 

(g)... 0 

the tensor product of k = [^] copies of C^. Let us denote 


An=C^ 


and consider the map 

K-.Cln —^End(C2') 

which is an isomorphism for n even and the projection onto the first summand for n odd. In order to 
make Kn explicit consider the following matrices with complex entries 


Id = 


I 

0 


0 

I 


9i 


i 0 \ 

0 -i j ’ 




—i 

0 


Now, consider the generators of the Clifford algebra Ci,..., e„ so that can be described as follows 


ei 

1 -^ 

Id® Id® . 

..® Id® Id® gi 

62 


Id® Id® . 

..® Id® Id® g2 

63 


Id® Id® . 

..® Id® gi®T 


2 


and the last generator 


64 


Id® Id® . 

..® Id® g2®T 

e2fe-i 


gi®T®.. 

.®T®T®T 

G2k 


g2®T ® .. 

.®T®T®T, 

e2fc+i ^ iT ®T ® .. 

.®T®T®T 


if n = 2fc + 1. 

Let ^ ^ 

w+i =-^(1,-*), = 

which forms an orthonormal basis of with respect to the standard Hermitian product. Note that 


gi{u±i) = iu^i, g2{u±i) = ±u^i, T{u±i)=Tu±i. 

Thus, we get a unitary basis of A„ = 

B = {■U6i,....efc = Ue, 0 . . . (g) Me J Sj = ±1,J = 1, • ■ • , ^1, 

with respect to the induced Hermitian product on . 

The Clifford multiplication of a vector e and a spinor ip is defined hy e ■ ip = Kn{e){ip)- Thus, if 

1 < j < fc 


62^-1 • 


= n 


k 

B2j ■ UEi,...,ek = I 

\a=k-j+l 


and 


^2fe+l ‘ '^ei,...,ek 


*(-!)'= 



■,Efc 


if n = 2fc + 1 is odd. 

The Spin group Spin(n) C Cln is the subset 


Spin{n) = {xiX 2 ■ ■ ■ X 21 - 1 X 21 \ xj G R”, \xj\ = 1, / G N}, 
endowed with the product of the Clifford algebra. The Lie algebra of Spin{n) is 

spin(n) = spanjeiej | 1 < f < j < n}. 

The restriction of k to Spin{n) defines the Lie group representation 

Kn := ^Ispinin) ■ Spiniji) —S> GL(A„), 
which is, in fact, special unitary [3]. 

There exist either real or quaternionic structures on the spin representations. A quaternionic 
structure a on is given by 
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and a real structure /3 on is given by 



Note that these structures satisfy 


{a{v),w) = {v,a{w)) , {a{v),a{w)) = {v,w) , 

{/3{v),w) = {v,^{w)), {P{v),l3{w)) = {v,w), 

with respect to the standard hermitian product in C^, where v,w € C^. The real and quaternionic 
structures 7 „ on A„ = are built as follows 


In 

= (a®/3)®2fe 

if n = 

8fc, 8/c -I- 1 

(real). 

In 

= a (g) (;9 0 

if n = 

Sk 2, Sk 3 

(quaternionic), 

In 

= (a0;9)®2fe+i 

if n = 

8/c -I- 4, 8A: -I- 5 

(quaternionic), 

In 

= a 0 (/3 0 

if n = 

8k + 6,8k + 7 

(real). 


which also satisfy 

{'ln{v),'w) = {v,'yn{w)), ( 7 „(v), 7 „(w;)) = {v,w), 

where v,w G A„. This means 

(u + 7„(?;),«; +7„(w;)) e M. (1) 

Lemma 2.1 Let m > r and let =: = ej G Clm- Then e/ commutes with spin(r) = 

span{eiej|l <i<j<r} if and only if I C {r + 1, ... ,m} or {1,... ,r} C /. 

Proof. Suppose that neither / C {r + 1,..., m} nor {1,..., r} C I then there exist j,k G r} 

such that j G I and k ^ I. Rearranging the other of the ifs if necessary we can suppose that j = ii, so 
that ejCjCi^ — 6 ^^ ... — ( 1 ) e^^ ■ • ■ and CjCi^ei — — ( 1 ) 6^2 ■ ■ ■ e^ • 

Conversely, the volume form on Clr commutes with spin(r) in every dimension and if fc ^ {1, ..., r} 
then for all i,j G {1,..., r} we have that eiCjCk = ekCiCj. □ 

Now, we summarize some results about real representations of Cl^ in the next table (cf. [5]). 
Here dr denotes the dimension of an irreducible representation of Cl^ and Vr the number of distinct 
irreducible representations. 


r (mod 8) 

C/o 

dr 

Vr 

1 

]R(dr) 

2L§J 

1 

2 

£{dr/2) 

2i 

1 

3 

m{dr/A) 

2lil+i 

1 

4 

]HI(dr/4) 0 M{dr/‘T) 

25 

2 

5 

H(dj4) 

2151+1 

1 

6 

C(d^/2) 

25 

1 

7 

K((ir') 

2L51 

1 

8 

R(dr) © M(c!r) 

25-1 

2 


Table 1 

Let Ar denote the irreducible representation of Cl^ for r ^ 0 (mod 4) and denote the irre¬ 
ducible representations for r = 0 (mod 4). Note that the representations are complex for r = 2,6 
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(mod 8 ) and quaternionic for r = 3,4,5 (mod 8 ). It is interesting to note that these features are 
reflected in the main results of the paper. 

Note also that if r = 4, 6 , 7, 8 (mod 8 ) then dr = dr-i and if r = 1, 2, 3, 5 (mod 8 ) then dr = 2dr-i. 
By restricting to a standard subagebra C C/°, the representations decompose as follows: 


r (mod 8) 

Ar 

1 

Ar = A^IT]^ + A,.]^ 

2 

\ —2 

3 

2 1 2 

4 

Af ^ Ar-I 

5 

Ar — A^IT]^ + A,.J^ 

6 

— ^^p _2 

7 

^^p — ^^p _2 

8 

At ^ Ar-1 


Table 2 


2.2 Real spin representations and basic centralizers 

In this section we prove results which are essential in Theorems l3.1l and l3.2l Let /\^V and S'^V denote 
the second exterior and symmetric power of a finite dimensional vector space respectively. In addition, 
if the vector space is endowed with an inner product, let SqV denote the orthogonal complement of 
the identity endomorphism within the symmetric endomorphisms of V. 


Proposition 2.1 The centralizers of the spin subalgebras under consideration are: 


r (mod 8) 

Caa(d 0 (spin(r)) 

Cso(d 0 esc(d 0 (spm(r)) 

0 


{ 0 } 

±1 

{ 0 } 


±2 

u(l) 


±3 

Sp(l) 


4 


sp(I)©sp(l) 


Furthermore, the representations t^Kr, Kf, S^Kr, and A+ 0 A^ have the following trivial 

Spin(r) subrepresentations: 


r (mod 8) 

A'a„A'a± 

S^Ar,S^At 

A+ 0 A" 

0 

{ 0 } 

{ 0 } 

{ 0 } 

±1 

{ 0 } 

{ 0 } 


±2 

u(l) 

{ 0 } 


±3 

sp(l) 

{ 0 } 


4 

sp(l) 

{ 0 } 

{ 0 } 


Proof of the Proposition 

Case r = ±1 (mod 8 ) 

In both cases there exist real structures 7 = 7 r on A^. By using these real structures, we can describe 
the underlying real space A^. C A^ as follows. Recall the unitary basis B of A^ and let 
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which is an orthogonal basis for 

Ar = span(Si) = {ri + 'yr{v) 1^; G Ar}. 

since the hermitian product of restricts to a real inner product on A^ (cf. (HJ). Consider the 
spin(r) equivariant morphism 

$ : Ar (g) A^ ^ 0 

k 

defined by 


[r/2] 

<!>[(?; + 7(w)) (g) (w + 7(w))] = E. E. ■ • ■ ^hk (z; + 7(w)), (u; + 7('u;))) 

• ■ • ^hk 5 

fc = 0 jl<---<j2k 

where {ej^ ... {v + 7 (n)), w + 'y{w)) is real. Now, let v + ^{v) € Bi and let v = ej-^ ... so that 

±({1 + 7 (n)) G Bi and 


(eji ■■■ej2Av + -f{v)),v + j{v)) 


(eji ■ • ■ ej^k^ + 7(eii ■ • ■ V + j{v)) 

{Bji ■ ■ ■ + 7(eji ... + 7 ( 6^1 ... 

2 . 


Hence, the image $(Ar 0 A^.) has non-trivial projection to A^^R*^ for k = 0,..., [r/2]. Since the 
dimensions of A^ 0 A^ and 0^, A R*^ coincide, <i> is equivariant and 0^, A R’’ is a sum of nonequiv¬ 
alent irreducible representations, Schur’s Lemma implies that 


Ar0Ar =0A"''B 


as spin(r) representations. Moreover, since 


{Bji---ej^t{v + -f{v)),w + jiw)) = {v + j{v),ej,...ej^,{w + j{w))) 

= {Bh---Bj^,{w + j{w)),V + ^{v)), 

$(A^Ar) has trivial projection A^*R^- 
Analogously, since 

(eji • ■ • -h 7(^')), w + j(w)} = (v + j(v), -ej, ... + jH)) 

= (-Bji ■ ■ ■ + j(w)), V + j(v)} , 

$(5'^Ar) has trivial projection to A^*~''^R^- 

Recall that we wish to find the centralizer of spin(r) in so(dr) C End(Ar) = C//. Notice that, by 
Lemma [23 

C'End(Ar)(®P^>^(’’)) = C'ci?(spin(r)) = span(lddrxdj- 

Hence, 

C'so(d0(sp^>^(^)) = {0} C so(dr) = A^Ar. 


Case r = —2 (mod 8) 

Recall that for r = —2 (mod 8) we have 

Ar = Ar+l 
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as representations of spin(r), and 


Ar = span(Si). 


Since r + 1 = —1 (mod 8), 


A,+i 0 A,+i ^ 

with respect to spin(r + 1), as proved in the previous subsection. Furthermore, R’’+^ = ^ 


AV+1 = 1, 

AV+1 = A^K’'+KA 
AV+1 = A^R’' + A^RA 

A’'m'’+^ = A’’R’' + A’'"^R’'. 


and 

Ar^Ar = A*K’'- 


On the other hand, 

Ar I 

and 

A'a, 


Oq LAr 


We see that A^Ar contains a 1-dimensional trivial spin(r) representation. 

Recall that we wish to Hnd the centralizer of spin(r) in so(dr) C End(Ar) = Clr- Note that any 
element of Clr which commutes with spin(r) must commute with the volume element eie 2 • • • S Clr, 
and such elements are precisely Cl^ Thus, by Lemma ETT] 

Cc 4 (spin(r)) C Cc/AspiTi(A) = span(l) 0 span(ei • • • Cr), 

where ei • • • acts as an orthogonal complex structure J on A,, which generates the afore mentioned 
1-dimensional trivial summand in A A,.. Hence, 

Cso{dr)ispm{r)) = span(J) ^ u(l) C so{dr) = A^A^. 


Ar — A Ar + SnAr + 1. 


— A Ar+i 

- 0A^'+V0A"'^'b 


l>0 

= S'qA,._|_i 


i>0 


0 

l>0 

0AV0A"'^^i 

l>0 l>0 
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Case r = 2 (mod 8 ) 


In this case, there exists a quaternionic structure 7 ^ on A^which commutes with Clifford multipli¬ 
cation. We can describe the real space A,. C A^ as follows. Recall the unitary basis B of A^ and 
let 

B 2 = J | Ej = ± 1 , j = 1 , . . . , r/ 2 }. 

Note that the space generated by the orthogonal basis B 2 is preserved by the action of spin(r) and 
Cl^, the hermitian product in A^ restricts to an inner product to A^ (cf. (U)), and its dimension is 
dr- Therefore 

Ar = span(S 2 ). 

Now consider the spin(r) equivariant morphism 

^ : Ar0 Ar ^ 

k 


defined by 

r 

<&[(?; -I- 7(w)) 0 (w -I- 7(tc))] = E E (eji • ■ • + liv)), {w + -fiw))) , 

k =0 ji<---<jk 

where (e^y ... (v + 7 (w)), w + ^{w)) is real. Let v + 7 ( 1 ;) € B 2 and w = e^y ... e^yw, then ±(1; -|- 
7 ( 0 )) € B 2 and 


(eji •■•eiJ« + 7M),i' + 7(^)) 


(eji 

(eji 

2 . 


■ ejkV + 7(eji ■ ■ ■ ej^v), v + 7 ( 0 )) 

■ ejkV + 7(eyy ... Cj^v), ejy ■.■ej^v + 7(ejy 


■■ejkV)) 


^ ^ A Al 

Hence, the image $(Ar 0 A^.) has non-trivial projection to A R’' for fc = 0 ,..., r. Since the dimensions 
of Ar® Aj. and 0 ^, A R*^ coincide, <i> is equivariant and 0 ,^, A R*" is a sum of nonequivalent irreducible 
representations, Schur’s Lemma implies that 


Ar® Ar^0AV 

k 


as spin(r) representations. Moreover, 


and 


(eti • ■ • 6 ^ 4 , (w + 7{v)), w + 7{w)) 


{v + 7{v),ej, ...ej^Aw + l{w))) 

(ejy ... 6 ^ 4 , {w + jM), V + jH) , 


(eji ■ ■ ■ + 7 H),^ + iM) = (^^ + 7 (^'),eyy ... ey4,+3 (w-P 7(u;))) 

= (gji ■■■ej^i+Aw + 7(w)),v + 7(v)) . 

Therefore $(A^Ar) has trivial projection to A'^^R’^ and Analogously, 

(gJi ■ ■ ■ 6 ^ 4 ,+! (v + 7(v)), W + 7(u’)} = (v+ 7(v), -Gji . ■. 6 ^ 4 , 4^4 (w + 7M)} 

= (-Gji ■ ■ ■ Gj^i+A'U’ + 7 M),v + 7(v)} , 

and 

(gji ■ ■ ■ ej4,+3 (v + 7 ('g)), w + 7 {w)) = {?; -P 7 ( 1 ;), -e^y ... 6^4,4^3 {w + 7{w))) 
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= (-eji ■ ■ ■ (^j4i+2iw + 'y{w)),v + 'y{v)) . 

Therefore, $(S'^Ar) has trivial projection to and 

Recall that we wish to compute the centralizer of spin(r) in so(dr) C End(Ar) = Clr- As in 
the previous case, any element of Clr which commutes with spin(r) must commute with the volume 
element 6162 ■ ■ ■ Cr € CC, and such elements are precisely Cl^. Thus, by Lemma 12. f I 

C'c;Aspin(r-)) C Ccjo = span(l) © span(ei • • • e^). 

where ei • • • acts as an orthogonal complex structure J on A^. Hence, 

C'so(d©(-Spin(r)) = span(J) = u(l) C so{dr) = A^A^. 


Case r = 3 (mod 8) 

Recall that 

A^ © Ar = © A^^J^ = Ar+2 — Ar+3 

as representations of spin(r). Since 7r+3 is a real structure, 

A^+3 = {?; + 7r+3(w) I V G A^+3}. 

Moreover, 

Ar — 2 i Cl... e7.)A,._|_3, 

so that 

Ar+3 © Ar+3 = (A^ © A^) © (Ar © Ar) 

= 4 Ar © Ar 


with respect to spin(r). Since r + 3 = —2 (mod 8), 

Ar +3 © Ar +3 = A 

with respect to spin(r + 3). Now R’'+^ = M’' © 3, 


and we have 


Therefore 


A°R’'+3 

= 1, 


A^R’'+^ 

= R'’ + 3, 


A^R’'+^ 

= A^R’' + dR’' + 3, 


A^R’'+^ 

= A^R’' + sA^R’' + 

3R^ + 1, 

’■+3]^r+3 

= A’^'^^R’' + 3A’''^^] 

r + 3A" 


dAr © Ar = 

8A*R^ 


Ar © Ar = 

2A*R’'. 


R^ + A’'®’' = 1, 
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Recall that we wish to compute the centralizer of spin(r) in so{dr) C End(Ar) C End(Ar+ 3 ) = 
Clr+ 3 . Eirst, we will compute C'c' 4 + 3 (spin(r)). Suppose 


V = ^ Ccir+sismir)), 

I 

it must commute in Clifford product with every eiCj € spin(r), 1 < i < j < r. By Lemma l2.ll the only 
free coefficients are r]^, ?7r+l, ?7r+2, Vr+3: 1^r+l,r+2^ Vr+l,r+3: Vr+2,r+3^ Vr+l,r+2,r+3y 
Vl,...,r,r+2, Vl,...,r,r+3, Vl,...,r+2, Vl,...,r+l,r+3, Vl,...,r,r+2,r+3, Vl,...,r+3, he. 


C'cz.+3(spw(»’)) 


span(l,er+i,er+2,er +3; ^r+l,r+2T ^r+l,r+3; 6r+2,r+35 ^r+l,r+2,r+3; 
ei,...,r+l, ei,...,'r,r+2, ei_...,r,r-+3j ei,,,,_r+2, ei,,,,_r+l,r+3j ei,,,,_r,r+2,r+3i ei,..._r+3-) 


These elements act as automorphisms of A^+s via Clifford multiplication. Recall that the two copies 
of (the dr-dimensional real representation) A^ are 

Ar — — (1 -p Cl . . . Cr) * Ar-|-3, 

Ar — 2^^ Cl . . . Cr) * Ar-|-3. 


We will restrict our attention to the first copy. In order to project these elements to automorphisms 
of this copy we need to multiply by i(l -I- Ci... e^). Observe for example that 


— (1 -f ei ... Cr ) ■ 1 

— (1 -f Cl . . . Br ) ■ ei . . .Br 

1 , , 

— (1 -f Cl . . . Br ) ■ Br +1 

— (1 + Bi . . . Br ) ■ Bi . . . Br +1 

and, for v € Ar+ 3 , 


-(1 -I- Cl . . . Br), 

-(1 + Bi .. . Br), 

1 , , 

-(Cr+l + ei,...,r+l), 

1 , , 

-(Cr+l + ei,...,r+l), 


^(1 + ei-- 

2 ((®T’-l-l + 


■Br) ■ ^(1 + Bi . . .Br) ■ (V + 7r+3(v)) 

+ 1)) ■^(l + Bi...Br)-(v + 7 r+ 3 (v)) 


^(1 + 61 . . .Br) ■ (v+Jr+3(v)) 
0 , 


SO i(l -I- Cl... Br) acts as the identity element on this copy of A^ and ^(Br+i + ei_..._r+i) acts as the 
null endmorphism on this copy of A^. It is not hard to check that the only projections that induce 
nonzero endomorphisms are ^(1 -I- ei... Br), |(1 -I- ei... Br) ■ er+i,r+ 2 , 5(1 -f ei... Br) ■ er+i,r +3 and 
^(I-fei... Br)-Br+ 2 ,r+ 3 - Note that the Hermitian product of Ar +3 restricts to a positive definite inner 
product on Ar +3 (cf H])). Now we will check whether the endomorphisms induced by ^(1 -I- ei... Br), 
i(I + Bi... Br) ■ Br+i,r+2, Bi... Br) ■ Br+i^r+3 and i(l -f Cl... Cj.) • er.+ 2 ,r +3 are Symmetric or 

antisymmetric: 


• The element ^(I -I- ei... Br) G Clr+3 acts as the identity on this copy of Af so is a symmetric 
automorphism. 

• For v,w G Ar+3, the element i(l + ei... e^) • er.+i,r+2 € spin(r + 3 ) is such that 

(|^(l + ei...er) ■ er+l,r+2 ■ i(l + ei .. .Cr) ■ (v + 7j.+3(i;)), i(l -G ei .. .Cr) ■ (w + -yr+siw))^ 

= - + ei .. .Cr) ■ (v + 7j.+3(i;)), i(l + ei .. .e^) • er+i,r+2 ■ ^(1 -|- ei .. .er) • (w + 'Yr+sM)'^ , 

SO that i(I -I- ei... Br) ■ er.+i_r+2 induces a complex structure I on A^. Indeed, it is a complex 
structure. 
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• Similarly, ^(1 + ei... e^) • er+i,r +3 and ^(1 + ei... e^) • er+ 2 ,r +3 induce complex structures J 
and K on A,.. 


Thus, 


Cso{dr)ispin{r)) = sp(l) = span(/, J,K) c so{dr) = A^A^. 


Case r = —3 (mod 8) 


Recall that 

At- — At-_|_2 

as spin(r) representations, and 



Since r + 2 = —1 (mod 8), 


Ar+2 

© a,+2 ^ A™K'’+" 

as a spin(r + 2) representation and = 

R’'©2, 

AV’'+2 = 

1, 

A^K’'+^ = 

A^K’' + 2R’' + 1, 


A^R’’ + 2A^R’' + A^RA 


A'^^R" + 2A"R’' + A"“ 


so that 


Kr®Kr = 2A* 


Recall that we wish to compute the centralizer of spin(r) in so(dr) C End(Ar) = End(Ar+2) — 
C/°_|_ 2 . By Lemma [2Tl 

= span(l, er+ier+ 2 , Ci.-.e^+i, ei... er-er+ 2 ), 

where the last three elements form a copy of sp(l). By means of Clifford multiplication, these three 
elements act as orthogonal complex structures /, J, K on A,, and behave as quaternions, i.e. 

span(/, J, K) = sp(l) C so{dr) = A^ Af. 


Case r = 0 (mod 8) 

Recall that spin(r) has two irreducible representations given by 

A^ = i(l ±ei...er)- Ar+i, 

so that 

A^+i ^ A+© A", 

and 

(A+ © A-) (g) (A+ © A") ^ A^+i © A^+i 
as spin(r) representations. Since r + 1 = 1 (mod 8), 


A,+i © A,+i ^ A™K"+^ 
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as a spin(r + 1 ) representation, and 


1 , 

+ A"kA 


A°M’'+^ = 

A^M’'+^ = 

A"k’’+' = 

A’'m’'+^ = A’'®’'+ A’’”^RA 

i.e. 

(A+©A-)® (A+©A-) = A*KA 

which has only 2 trivial summands with respect to spin(r). On the other hand, 

(A+©A-)©(A+©A-) = A^A+© S'2a+© 1 © A^A-© S^A-© 1 © A+© A" © A-© AA 

i.e. no other summand contains a trivial spin(r) representation. 

Recall that we wish to find the centralizer of spin(r) in so(A) ©so(A) C End(A+) © End(A“) = 
Cl^. By Lemma mu 

C'c;Asp^*^(’')) = span(l) © span(ei... e^). 

Since both 1 and ei.. .e^ induce symmetric endomorphisms on A^, 

C'so(d©ffiso(d©(spin(r)) = {0} C so(A) = A^A^. 


Case r = 4 (mod 8 ) 


Recall that spin(r) has two irreducible representations and 

A^!" © A,. = Ar+i = Ar+2 = Af.+3 

as representations of spin(r). Since r + 3 = — 1 (mod 8 ), 7^+3 is a real structure and 

Ar+3 = {?; + 7r+3(^^) I V S Ar+ 3 }. 


Moreover 


A^ = -(1 ±ei...er) ■ Ar+3 


and 

A^+3 © A^+3 ^ (A+ © A-) © (A+ © A") 

with respect to spin(r). With respect to spin(r + 3), 


A,+3 © A,+3 ^ A™M"+A 


Now, W+^ = «’■ © 3, 

A°K’'+3 = 1, 

A^]R’'+3 = A^K’' + 3M’' + 3, 

A^K’'+^ = A V + sA^K’'+ 3A V + KA 


A’'+2Rr-+3 ^ A""^V + 3A’”^^R’'+ sA^'k’'+ A"' ^K’’ = 3 + A’' 
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and 

(A+0 A-)(g)(A+©A-) = 4A*R’'- 

Recall that we wish to compute the centralizer of spin(r) in so(dr) ® so{dr) C End(A+ © A“) = 
End(Ar + 3 ) = C'Z°_|_ 3 . First we will compute (spin(r)). If 

V= ^ C'ci0+3(spw(»')) 

|/|= 0 ( 2 ) 

then it must commute in Clifford product with every CiCj G spin('r), 1 < i < j < r. By Lemma ETTl the 
only free coefficients are Tj(^^ .p_|_ 2 , 7y7-+l,r+3i ^r+ 2 ,r+ 3 i ^l,...,r+ 2 ; ^l,...,r+l,r+3; ^l,...,r,r+ 2 ,r+ 3 : 

i.e. 

<^ 0 / 0+3 (spin(r)) = span(l,er + l,r+2T ^r+l,r+37 6r+2,r+35 ^l,...,r+l,r+35 ^l,...,r,r+2,r+3) 

— span ^ 2 ^^ ^ ^ ^1.. .r)€^r+l ^r+2; 2^^ ^ ^l...r)^r+l^^r+3; 2 ^^ ^ ^l...r)^r+2^^r+3 

Now we need to check which of these elements induce antisymmetric endomorphisms on A^. respec¬ 
tively. 

• The element i(l ± ei,,,r) G C /°_|_3 induces the identity endomorphism on A^ and the null 
endomorphism on A^, both of which are symmetric. 

• The elements ^(1 ± ei... er)er.+i,r-i- 2 , ^(1 ± ei ... er)er+i,r--i -3 and ^(1 ± ei ... er)er+ 2 ,r +3 induce 
almost complex structures J^, on A^ respectively, and the null endomorphism on A^. 

Such elements also commute with the elements of spin(r). In other words, 

sp(l)^ = span(/*, J^, c A^A^ 

are trivial spin(r) representations. 

Hence, 

C' 5 o(d©eso(d©(spin(r)) ^ sp(l)+ © sp(l)-. 

□ 


3 Centralizers 

Due to geometric considerations in ISIl], we will consider spin(r) embedded in so (A) in the following 
way. Suppose that Cl° is represented on R^, for some A G N, in such a way that each bivector aej 
is mapped to an antisymmetric endomorphism satisfying 

Jfj = —Idgiv. (2) 

3.1 Centralizer of spin(r) in 5o{drm), r ^ 0 (mod 4), r > 1 

Let us assume r A 0 (mod 4), r > 1. In this case, R'^ decomposes into a sum of irreducible repre¬ 
sentations of CZ®. Since this algebra is simple, such irreducible representations can only be trivial or 
copies of the standard representation A^. of Cl^ (cf. [5]). Due to ([2|), there are no trivial summands 
in such a decomposition so that 

R^ = Ar © • • • © Ar . 

^ ^ > 

m times 
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By restricting to spin(r) C 


= Ar 0R K™ 

we see that spin(r) has an isomorphic image 

spin(r) = spin(r) 0 {Id^xm} C so{drm), 

which is the subalgebra of 5o{drm) whose centralizer "we wish to find. 


Theorem 3.1 Let r ^ 0 (mod 4) and let spin(r) C so(drm) as described before. The centralizer of 
spin(r) in so{drm) is isomorphic to 


r (mod 8) 

C'so(d,.m)(spin(r)) 

1 

so (to) 

2 

u(to) 

3 

sp(to) 

5 

sp(to) 

6 

u(to) 

7 

so (to) 


Proof Consider the real ((ir?TT-)-dimensional real Grassmannian 

^ _ SO{dr + to) 

^ “ SO{dr) X SO{my 

The tangent space factors as follows 

so that the differential of the isotropy representation is 

so{dr)®5o{m) —>• [so((ir) 0 {Idmxm}] © [{Idd^xd..} C) so(to)] C so(drTO) 

B) I ^ ^ 0 Idynxm © Idf/^xtZr © 

Let so(to) = {Idd^xd^} 0 so(to) and so{dr) = so{dr) 0 {Idmxm}- Thus, we see that so(to) centralizes 
so{dr) in so{drm), and 

so(to) C C',5 p(d^„)(spin(r)). 

Let us consider the following orthogonal decomposition 

5o{drm) = [so(to) © so(dr)] © m, 

and set 


Since the homogeneous space 


0 = so{drm), 

() = so{m) (B 5o{dr). 


T = 


SO{drm) 

SO{dr) 0 S'O(to) 
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is Riemannian homogeneous, it is reductive, i.e. 

[[},m] C m. 

Let 

X = Xi+X2+X3Gg 

where 

Xi G so(m), 

X2 G SO{dr), 

^3 G tn, 

and assume that X G C'so(drm)(spiTi(^))j i-e- 

[x,y] = 0 


for all Y G spin(r). Thus, 


Note that 


0 = [X,,Y] + [X 2 ,Y] + [X 3 ,Y]. 

G i), 

[^2,r] G b, 

[-^3,1^] G m. 


so that 


[Xi + X2,r] = 0, 

[^3,1^] = 0. 

Since Xi G so(m) and Y G spin(r) C 5o{dr), 

[Xi,Y]=0, 

which implies 

[X2,r] = o. 

On the other hand, since 

[^3,d'] = 0 

for all Y G spin(r), the subalgebra spin(7’) C f) acts trivially on the 1-dimensional subspace of the 
tangent space m of at [Id(£i^m)x(d,m)] generated by X 3 . Now, as a representation of p = so{dr) 0 
so(m) = 5o{dr) 0 so(m). 


m 




;:*2TrDdr 


By restricting to so (dr) 


m 


A 


^Tljdr 


m + 1 


- 1 


A^ 


j2Trtidr 


i.e. m decomposes as the sum of multiple copies of the irreducible so{dr) representations A R'^'’ and 
S'qR'^'’. By restricting further to spin(r) C so(dr), m decomposes as 


m = 


A'a, 


m + 1 


- 1 




(3) 


Both spin(r) representations /\^ A^. and S^Ar decompose further into irreducible summands. Now we 
need to work out three cases separately. 
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Case r = ±1 (mod 8 ): 

By Proposition l2.ll the centralizer of spin(r) in so{dr) is trivial, i.e. 

X2=0. 

Recall that spin(r) preserves each summand in (jS]) and annihilates X 3 . By Proposition l2.ll there are 
no trivial summands in either /\ nor SgA^, i.e. 

X3 = 0. 


Hence 


X = Xi £ so(m). 


Case r = ±2 (mod 8 ): 

By Proposition 12.11 the centralizer of spin(r) in so{dr) is a copy of u(l), i.e. 

X 2 = A 0 Idmxm, 

where J is an orthogonal complex structure that generates u(l) and A € R. Recall that spin(r) 
preserves each summand in ([S]) and annihilates X 3 . There are no trivial summands in 5 'q A^, but there 
is a trivial summand in A A^ generated precisely by J, since it is an antisymmetric endomorphism. 
We see that m contains 

span( J) 0 S'qR™ 

as a trivial spin(r’) representation. Hence 

X G so(m) © span( J) 0 (span(Idmxm) © S'gR’") C so{drm). 


In order to recogize which Lie algebra 
separating real and imaginary parts 


so{m) © span( J) 0 


A — Ai + ^^ 2 , 


is, notice that if H G u(m), by 


Ai G so(m) is antisymmetric and A 2 is symmetric, i.e. A 2 G S'^R™. Here, a canonical summand u(l) 
is spanned by the element Hdmxm- Note that due to the existence of J, we can work instead with a 
complex vector space, where J corresponds to *, J 0 5'qR’" corresponds to jS'qR™ and 


so(m) © span( J) 0 S'^R™ = u(m). 


Case r = ±3 (mod 8 ): 

By Proposition l2.ll the centralizer of spin( 7 ’) in so{dr) is a copy of sp(l) = span(/, J, K), where /, J, K 
are three orthogonal complex structures which behave as imaginary quaternions. Thus, 

^2 e sp(l) © span(Idmxm)- 

By Proposition 12.11 S'qA^ contains no trivial spin(r) representations, but does contain a 3- 

dimensional one given by sp(l) = span(/, J, K). We have the trivial spin(r) representation in m 

span(/, J, K) 0 S'2R"* = sp(l) 0 S'^R'". 
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Altogether, we have that 


X G= so(to) © sp(l) © 

In order to recognize this Lie algebra, notice that if A G sp{m), by separating real and imaginary 
parts 

A = Ax + iA.2 + J A 3 + /lA 4 , 

Ai G so(m) is antisymmetric and A 2 ,A 3 ,A 4 are symmetric, i.e. A 2 ,A 3 ,A 4 G The summand 

sp(l) is spanned by the elements ildmxm, fldmxm, kldmxm- Moreover, due to the existence of I, J, K, 
we can work instead with a quaternionic vector space, in which, / corresponds to i, J corresponds to 
j, K corresponds to fc, and span(/, J, K) © ^qR™ corresponds to iSgR™ © jS'oR™ © kS^W^ so that 

so(m) © sp(l) © 5'^R™ = sp(m). 


□ 


3.2 Centralizer of spin(r) in 5o{drmi + drm2), r = 0 (mod 4) 

Let us assume r = 0 (mod 4). Recall that if A^. is the irreducible representation of Clr, then by 
restricting this representation to Cl^ it splits as the sum of two inequivalent irreducible representations 

= A+ © A;:. 

Since R^ is a representation of Cl^ satisfying ([2]), there are no trivial summands in such a decompo¬ 
sition so that 


R^ = A+© R™1 © A-© R’"L 

By restricting this representation to spin(r) C Cl^, consider 

spin(r) = spin(r)+ © (Id^ixmi © Om^xms) ® spin(r)“ © (O^^xmi © Idmsxma) C so{drmi + ^^^ 2 ), 
where spin(r)^ are the images of spin(r) in End(A(!^) respectively. We wish to find the centralizer 

^5o{drmi+drm2) (5pin(c)). 

Theorem 3.2 Let r = 0 (mod 4) . The centralizer of spin(r) in so{drmi + drm 2 ) is isomorphic to 


r (mod 8) 

^so(drmi-\-d-rm2) (5pin(r)) 

0 

so(mi) © so(to 2 ) 

4 

sp(mi) ©sp(m2) 


Proof Consider the homogeneous space 

^ SO{mi + dr) X SO[m 2 + dr) 

^ ^ (SO(dr) X SO(mi)) X (SO(dr) x SO(m 2 ))' 

with the obvious inclusions of subgroups. The tangent space decomposes as follows 


rp 

P ^( 2dr + 7n-i +7712) X (dr+777 +7772) ] 


Let 


so(mi) = (Idd^xdT-® OdT-xdr) ® 
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so(m2) = 0so(m2), 

SOi^d-r^l — 50(^dr^ 0 (IdTTjj^Xmi 0 0m2Xm2); 

50(^dr^2 — SO(c?r) 0 (OmiXmi 0 I^^?7i2 Xm2)- 

We see that so(mi) © so(m2) centralizes so(dr)i © so(dr)2 in so{drmi + ^^^12), 

so(mi) ©so(m 2 ) C C^o{d,rm+drm.,){s>pin{r)). 

Let us consider the following orthogonal decomposition 

so(dr-mi + (ir.7712) = [so(mi) © so(dr)i] © [so(m2) © so(dr)2] © m, 


and set 


g = so{drmi + dr'm2), 

f) = so(mi) © so(dr)i © so(m2) © so(dr.)2. 


Since the homogeneous space 

T = 


SO(drmi + drm2) 


{SO{mi) ® SO{dr)) X (S'0(m2) © SO{dr)) 
is Riemannian homogeneous, it is reductive, and 

[f),m] C m. 

Let 


where 


X = + X2 + X3 G g 

Xi G so(mi) © so(to2), 
X2 G SO(dr)l © S 0 (dr) 2 , 
^3 G m, 

and assume that X G i-^- 

[x,y] = 0 

for all Y G spin(r). Thus, 


0 = [Xi,y] + [X2,r] + [X3,r]. 

Note that 

G i), 

[^2,r] G I), 

[^3,1^] G m, 

so that 

[Xi + X2,y] = 0, 

[^3,>"] = 0. 
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Since Xi € so(mi) © 50 ( 7712 ) and V G spin(r) C 5o(dr)i (Bso(dr) 2 , 


which implies 
Since 


[Xi,r] = o, 

[^2,r] = 0. 

[^3,y] = 0 


for all Y € spin(r), the subalgebra spin(r) C 1) acts trivially on the 1-dimensional subspace of the 
tangent space m of J" at lM(d^rni+drm 2 )x(drmi+dr.m 2 )] generated by X 3 . Note that 


50{drmi + drm2) = A^(Ri'’ < 

= (RA © M™!) © (Kf © R™A ® © K”"") ® ® R™') 

50^1 © 50^) © [A^Rf © © 5'oRf ® A^R™^ 


® R 2 '’ 


50{drh ® so(m 2 ) © A^K^" ® 'S'2R™= © S'^R^'- © A^R™^ 


so that, by restricting to spin(r) 


m = 


A A+ © S-^R™! © © A R'”^ 

3 A+ © A~ ( 

A^A" © S') 


' si A- © A' 


Now we need to check two cases separately. 


Case r = 0 (mod 8): 

By Proposition 12.11 the centralizer of spin(r) in 5o{dr)i ©so(dr )2 is trivial, i.e. 

A 2 = 0. 

By Proposition 12.11 m has no trivial summands, i.e. 

A3 =0. 


Hence 


A = Ai G so(?T 7 i) ©50(7772). 


Case r = 4 (mod 8): 

By Proposition 12.11 the centralizer of 5pin(r) in 5o(dr)i © so(dr )2 is a copy of sp(l) © sp(l), i.e. 

A2 G [ 5 p(l) © (Idm^^xmi © 07712X7712)] ® [^p(l) ® (Ottijxttii © Id 77^2 X 7712)] 

By Proposition 12.11 the only spin(7) representations in m containing trivial spin(r) summands are 
A A A More precisely, A Af constains a 3-dimensional trivial 5pin(r) representation 5p(l)^ = 
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spaii(/^, J=*=, i^^), where are orthogonal complex structures on which behave as 

quaternions. Thus, we have the trivial spin(r) representation in m 

sp(l)+ 0 ©sp(l)- 


Altogether, we have 

X € [so(toi) © sp(l)''' © © [so(m2) © sp(l)~ © = sp(mi) © sp(to2). 


□ 
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